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Abstract

We present a generalization of Wigner's semicircle law: we con-
sider a sequenceof probability distributions (pg;p2;:::), with mean
value zero and take an N N real symmetric matrix with ertries
independerily chosenfrom py and consider analyze the distribution
of eigervalues. If we normalize this distribution by its dispersion we
shav that asN ! 1 for certain py the distribution weakly corverges
to a universal distribution. The result is a formula for the momerts
of the universal distribution in terms of the rate of growth of the k-th
momert of py (as a function of N), and describe what this means
in terms of the support of the distribution. As a corollary, when py
doesnot depend on N we obtain Wigner's law: if all momerts of a
distribution are nite, the distribution of eigervaluesis a semicircle.

1 Intro duction

In this paper we study the density of states of random real symmetric ma-
trices of very large dimensionwith i.i.d. entries from a mean-Odistribution.
Sud problemsarisein nuclear physics,for examplein the descriptionsof the
interactions of heavy nuclei (see[7], [2] for sources).Using the method of mo-
merts, Wigner shaved that the expected distribution of eigervaluesof such
a matrix is a semicircle,provided that all momerts of the probability distri-
bution from which the entries are selectedexist (see[13], [14], [5]). Other
methods were usedto show that, for > 0, the presencea nite (2+ )-th
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momert is all that is necessaryor corvergenceto the semicircle,and to gen-
eralizethis to matriceswherethe ertries were not necessarilyindependerily
distributed (see[7]). In [1]] and [12] Tracy and Widom shawved that (after
rescaling)the largesteigervaluesof matricesin the GOE, GUE, and GSE all
convergeto the sameuniversaldistribution; Soshnilov later extendedthis to
all real symmetric matriceswith i.i.d. ertries from symmetric distributions
with rapidly decaing tails (see[8]).

Howeer, all of these papers assumereasonablynice distributions; they
all have nite secondmomerts. Thesetheoriesdo not apply to somedistri-
butions of ertries with heavy tails, sud asthe Caudy distribution. We are
interested in studying the density of states of matrices with ertries chosen
from sud distributions. In [10], Soshnilov and Fyodorov shaoved that the
largest eigervalue of A'A, where A isan m n matrix with ertries inde-
pendenly chosenfrom the Caudy, does not follow the Tracy-Widom law,
but instead follows a Poissonlaw; Soshnilov later shaved that this applies
to random symmetric matrices with ertries chosenfrom distributions with
heavy tails which drop o approximately as1=x (see[9]).

We wish to study the density of eigervaluesin random real symmetric
matrices with entries i.i.d. from a distribution with heavy tails. In this
paper we apply Wigner's original method, the method of momerts, to general
mean-0probability distributions. We do this by computing momerts of the
eigervalue distribution ofan N N real symmetric matrix, and then taking
the limit asN ! 1 . We take a sequencef distributions (py; p»;:::), which
may be thought of asa sequenceof appraximations to a target distribution
p, and selectthe ertries of the N N matrix from py. We assumethat
eat p; hasmeanO and all higher momerts nite; howewer, the sequencean
convergeto a distribution with in nite higher momerns. For example, py
could be a truncation of a distribution with in nite  momerts.

De nition 1. Let p(k) bethe k-th momert of py. Let Ay beanN N
real symmetric matrix with ertries chosenindependertly from py . Let

_ N (K)
G = N“!En Nk=2 1 (2)k=2

if the limit exists.

If Cx existsandis nite for all k, then it is possibleto calculatea formula
for the momerts of the distribution of the eigervaluesof Ay in the limit as
N ! 1. Weshallprove



Theorem 1. Supmsethe Cy existand are nite. Then there existsa univer-
sal distribution that the distribution of eigenvaluesof these matrices weakly
convelgesto asN ! 1 . This distribution satis es the following properties:

1. the distribution is symmetric;

2. if C, = O( ¥) for someconstant , then the distribution is uniquely
determinead by its moments;

3. in the special casethat Cy = 0 for all k > 2, the distribution is the
semicircle;

4. in all other casesthe distribution hasunboundel supyort.

Part 3 implies Wigner's semicirclelaw, becausef all momerts are nite,
then Cy = O for k > 2.

We then apply this theory to two examples:the casewherep; is a trun-
cation of a distribution of the form C=(1 + jxj™) and the caseof adjacency
matrices of appraximately ky -regular graphs where nonzeroertries are al-
lowed to be 1. In the former casewe nd that if 1 < m < 3 thereis a
truncation that resultsin a distribution that is not the semicircle;if m 3,
that is impossible.In the latter casewe nd that if ky ! 1 asN! 1 we
obtain a semicircle;in other caseswe obtain a distribution that is not the
semicircle.

2 A Calculation of Momen ts of an Eigenvalue
Distribution

To eadh matrix we can assaiate a probability distribution 5, by
!

_ 1 X i(An)
AN(X)_Wi:l X QW

where is the Dirac delta function. Let Ep [x] denotethe expected value
of x with respect to the probability distribution py. Let E[x]a, denotethe
expected value of x with respectto ,,. Note that if we take the expected
value of x with respectto the probability distribution A, (the meanof ,,)



and then averageover all matricesAy, we will have the meanof the expected
distribution of the eigervalues. Similarly, if we take the kth momern of x over
Ay andthen averageover all matrices Ay, we will get the kth momert of

the expecteddistribution of eigervalues. We de ne

Y

P(An)dAy = pn(ay)da;

i
the probability distribution for the Ay. We will denotethe expected value
of x with respect to the probability function P (Ay) by E[X].

First note the following:
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= _pikEpN [ailiz aikil]: (2)

i1;nik=1 N N N (2)

3 Calculation of Momen ts by Magnitude Anal-
ySIs

All order computationswill be doneasN ! 1 . In addition, sincewe only
care about the momerts in this limit, we will always assumethat N > k.
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De nition 2. Fix aniq;:::;ix in (1); this will x aterm in that sum. Let
the matrix §,...; haveits ij -th ertry (i ]) equalto the number of times

that a; or a; appearsin a;,i,a,i, &,i,, and all other ertries 0. Call this
matrix the asseiated matrix of the term., De ne

Y .
E(Si,;i) = Epy a’
i
Two assaiated matrices will be called similar if the ertries of one are a
permutation of the ertries of the other.

De nition 3. Let Ty« be the setof matrices ass@iated with terms in (1).
By construction, the map from terms in (1) to elemens of Ty is injective.
Notice that if Sj,...;, is similar to Sj,...;, then E(Si,....,.) = E(S..j,)-
Let Sy be the set of equivalenceclassesof Ty (where two matrices are
equivalert if they are similar). Then we cande ne E([S;,....i,]) = E(Si,.i,)
for any equivalenceclass[S;, ..., ].

For concisenessye will sometimesreferto a term with assa@iated matrix
in an equivalenceclass 2 Sy asatermin

Note that we can rewrite (2) as
X 1

N k=2+1 N (2)k=2

#1S2 Tny 1 [S]1= gE( ): 3)
25N;k

Notice that the set Sy is independert of N, since an equivalence class
of matrices is uniquely de ned by its nonzeroertries, and those are only
dependert on k. Thusthe number of terms in the above sumis independert
of N, and we can calculate the limit of this sum by calculating the limit of
eat term asN ! 1 andthen summingthe limits.

Considera 2 Sy sud that the matricesin that equivalenceclasshave

of the a; are arrangedin the product, there can be at most b+ 1 distinct
indicesin ead term in . Thus we seethat there will be L N”?* + O(NP)
(for someconstart L ) matriceswith termsin . Note that

#fS2T:[S]= gE() _ (L NP + O(N®)E( )

Nk=2+1 (2)k:2 - Nk=2+1 (2)k:2
_ (L NP2+ O(N"y) N (S1) N (Sb)
- N b+l Nsi=2 1 (2)51:2 Ns=2 1 (2)Sb:2
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sinceE(Sy) = n(S1) n(Sp) and s; + + s = k.
Thus limyiy #fS 2 T :[S] = oE( )N (@) =L . In

cortributes nothing to the sum, sincethere are at most O(NP) of thesefor
eath equivalenceclass . Thus if we can compute how many terms there
arein with b+ 1 distinct indices,then we will have a formula for L , and
thereforefor the k-th momern of the expecteddistribution.

Prop osition 4. Every equivalene class 2 Sy containing matrices with
at least one odd entry hasL = 0.

Proof. First we will constructa geometricrepresetation of eah of the terms
in the sum (2).

De nition 5. An Eulerian cycle is a sequenceof verticesin a graph that
satis es the following conditions:

(i) The length of the sequencas the number of edgesin the graph.
(i) The rst vertex in the sequencas the sameasthe last one.

(i) If two verticesi; ) appear consecutiely in the sequencehen i and j
are connectedby an edge.

(iv) Two verticesi; j appear consecutiely in the sequencgin either order)
exactly n times if and only if there are exactly n edgesconnectingi to
j.

Start with a graph with k vertices,numbered 1 through k. Connectvertices
j;j +1forallj = 1;:::;k 1 and connectverticesk and 1. The Eulerian
cycle assaiated with this graph will be 1;2;:::;k;1. We will construct a
bijection betweenterms in the sum and labeled graphs with an assaiated
Eulerian cycle. Fix aterm B in the sumand do the following: if, in B, i; = iy
(a< b), add edgeshetweeni, and ead of the neighbors of i,, and then delete
vertex i, and all edgesconnectedo it (thusif i,;i, wereconsecutie we would
have a self-loop). Note that we started o with a connectedgraph with an
Eulerian cycle, and that this processpresenes both the connectivity and
the Eulerian cycle. Call the (graph,Eulerian cycle) pair that results after no
more iterations of this processcan be madethe graph of B.
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XY

I1 |3 : I2
Figure 1: Example: k = 8, Term = aj,ayia14845854841812821
i1: 1i2: 2i3: 1i4: 4i5: 5i6: 4i7: ligz 2
Beginning Cycle: 1,2,3,4,5,6,7,8,1Final Cycle: 1,2,1,4,5,4,1,2,1.

Now considera labeledconnectedgraph G with k edgesand an Eulerian
cycle. Follow the Eulerian cyclearound the graph, adding a; to the term for
ewvery edgetransversedfrom vertex i to vertex j. This is clearly the inverse
of the above transformation; thus we seethat we have a bijection between
terms in the sum and the pairs of (graph, Eulerian cycle).

Now consideran equivalenceclass 2 Sy, which is de ned by bnonzero
ertries s;;:::;Sp,. This meansthat ewery graph of a term in  will have b
pairs of connectedvertices. In addition, a term in  will cortribute to the
momert if and only if it hasb+ 1 distinct indices. Thus there will beb+ 1
verticesin the graph of the term (in particular, note that there can't be any
self-loops). For this to be true the graph must be a tree with someedges
doubled, tripled, etc. For this tree to have an Eulerian cycle, all edgesmust
have even multiplicit y. Thus ead of the s; must have beenewen, and this
completesthe proof of proposition 4. O

Corollary 6. All odd momentsof the distribution are 0.

Proof. Consideran %gunalenceclass 2 Sy for k odd. This will have b

nonzeroertries with  ;_; s; = k. Thusoneofthe s; must beodd, soL = 0.
Since was arbitrary, we seethat the momern will be 0. O

4 The Moment Formula

De nition 7. Let V bethe setof all (e;;:::;q) sud that



. Py
() iz1 6 = K.
(i) &g & g > 0.

Supposef ¢y;:::;ggisasetof | + 1 distinct colors,andde ne T((e;:::;8))
to be the number of colored rooted treeswith k + 1 vertices satisfying the
following conditions:

(i) There are exactly ¢ nodesof color ¢.. The root node is the only node
coloredc.

(ii) If nodesa and b arethe samecolor then the distancefrom a to the root
is the sameasthe distancefrom bto the root.

(i) If nodesa and b are colored equal colors then their parerts are also
coloredequal colors.

Theorem 2. The 2k-th momentof the distribution of normalized eigenvalues

Is
X

Y
T((e;;::::8)) | Coe (4)

(ex;ner)2 Vi i=1

Proof. We know that any term asseiated with a matrix with an odd en-
try doesnot cortribute to the sum. Thus we will only considerthe terms
assaiated with matriceswith only even ertries. Q

Considerany term in (3). The order coe cient will belL ib:1 Cs . Thus
to prove the theoremall we needto do is calculateL .

Considerthe graph of a term of the 2k-th momert with b entries in the
asseiated matrix. Considerverticesi andj that are connectedby n edges.
This represets that the variable g appgarsn times in the correspnding
sum. Now let (by;:::;h) be sud that ::1 h = 2k, all h are even, and
b b > 0. Considerall graphsof terms in (2) with | + 1 vertices
and b, edgesbetweentwo vertices, b, betweentwo others, etc. We construct
a bijection betweentheseand rooted coloredtreeswith k + 1 vertices. Fix
sud aterm B. Color eat vertex a di erent color. We will construct a tree
correspnding to this Eulerian cycle using the following algorithm. Mark
node n, the beginning of the Eulerian cycle, as the current node. Create
a root node and color it the samecolor asn. Make a step in the Eulerian
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cycle. If we have moved betweennodesi andj (in either direction) an even
number of times, mark the parert of the current node currert. If we have
moved betweennodesi andj an odd number of times, add a rightmost child
to the current node, color it the samecolor asvertex j, and mark it current.
Repeat the above for ead step in the Eulerian cycle.

Clearly, this is injective. Note that bh=2 times we will create a node of
the samecolor. We will end up with a tree with k + 1 nodes, with b,=2 of
the colored one color, =2 of them colored another color, etc., so condition
(i) will be satis ed. Also, sincethe nodes of one color will all be created
by going from one vertex of the samecolor, condition (iii) will be satis ed.
Lastly, notice that becausethe graph of ead term we are consideringis a
tree (with somemultiple edges)eat nodeis a well-de ned distancefrom the
root. This will be presened by the algorithm (sincewe go up the tree when
we decreasedhe distanceto the root and down the tree when we increaseit)
so condition (ii) will be satis ed.

Now considera tree satisfying conditions (i)-(iii). Execute the following
algorithm: if we havetwo nodesi andj of the samecolor, draw edgeshetween
i and ead of the neighbors of j. Then deletej and all of the edgesfrom
it. Repeat until there are no more nodes of equal colors, and then double
all of the edges.This createsa graph with b, edgesbetweentwo vertices, b,
betweentwo others, etc. In addition, if the original tree is transversedfrom
the root from left to right, going along eat edgetwice, this will create an
Eulerian cycle of the end graph. This is clearly the reverseof the original
algorithm. ThusAt is a bijection, and there will be T ((b,=2;:::;b=2)) graphs
with coe cient = C,. Letting e = =2 we obtain the desiredformula. O

5 Weak Convergence to the Distribution

We have showvn that the momerts of the distribution corvergeto the momerts
givenin the momen formula. Howewer, we have not yet shovn that for any
speci ¢ matrix the distribution of eigervalueswill be closeto a distribution
with the given momeris. To have a weak corvergence we needto show the
following:

Prop osition 8. The variances of the momentstendsto 0. In other words,

Jim - E[ENXT, ] EEXT =0



Proof. When we squarethe sum (1) we multiply terms in pairs. For any
two terms this simply meansthat we add the exponers on the ertries with
the sameindex; thus we simply add the two assaiated matrices. Consider
a term A in the square,the product of terms A; and A, in (1). Suppose
S is the matrix asseiated to S; (which has b nonzeroenries), and that

distinct indicesin S will occur if and only if no ertries in S; sharean index
with S,, and vice versa;then the number of distinct indicesin the term is at
mosth, + 1+ b+ 1 = b+ 2. We cando an analysisanalogougo that of section
3 to group the terms in the squareof (1) by equivalenceclassof assaiated
matrix, and seethat the only terms that cortribute to the momen are those
with b+ 2 distinct indices.

When we multiply two terms of (1) we overlap the graphsof the terms.
The number of indiceswill be the number of nodesin the graph. In addition,
notice that this graph needno longer be connected;it can have two compo-
nerts. For an equivalenceclass of matrices with b nonzeroterms in the
squareof (1) we needto court the (graph, Eulerian cycle) pairs that have
b pairs of connectednodesand b+ 2 distinct nodes;this is only possibleif
we have two componerts to the graph. Thus we simply needto court the
number of ways of picking two disjoint (graph, Eulerian cycle) pairs. But
this is exactly the squareof the momert formula, which are exactly the terms
canceledout by E[E[x¥]a, ]? in the desiredequation. Thus we seethat

EEXR,] EEX,F=0

Letting N tend to in nit y we obtain the desiredresult. O

6 Implications of the Momen t Formula: Pro of
of Theorem 1
Prop osition 9. The distribution of eigenvaluess symmetric.

Proof. This is immediate from corollary 6, as a distribution is symmetric if
and only if all of its odd momeris are O. O

Prop osition 10. If C, = O( ¥) for someconstant , then the distribution
of eigenvalueds uniquely determinal by its moments.
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Proof. Note that for ead tree there are at most k! ways of coloring it, since
if we take e; nodesof one color, e, of another, etc. and then rearrangethe
colorsamongall of the nodesin all of the possibleways, the legal colorings
will be a subsetof that. We know that the number of rooted treeswith k+ 1
nodesis the k-th Catalan number (see[3] for more details). Sincethe k-th

Catalan number is (2 3, T((en;::;@)) < & 3¢ = (&9 < 2K, In
addition, the number of sorted partitions g k is smaller than the number
of unsorted partitions of k, which equals jk:1 Jk ;= 21 < 2% (since
" . . . " " . kK 1
j[he number of ways of partitioning k into j positive partitions is Q1 for
j = 1::5k).
Then
X Y
kth momert = T((e;::58))  Coe
(el'(j':;e|)2V;< i=1 1
= 0@« T((e;:::;@)A
(e1;:€1)2 Vg
= O((4k )");
P

wherethe last step usedthat  2e = k.

A probability density is uniquely detemlgned by its momerts f (k)g if all
the (k) are nite and if the power series , (k)r*=k! has positive radius
of corvergence(seeTheorem30.10f [1], for eF;<ampIe). Pluggingin the above
estimate for the k-th momert, we seethat |, (k)r¥=k! is bounded above

by

X (ak )k

- k!
which has a positive radius of corvergencer < 1=(4 e€), sothe distribution
will be determinedby its momerts. O

Note that this agreeswith Wigner's law. For Wigner'slaw, p; = p, =
(so n(k)= wm(Kk) forall M;N). Fork > 2

— N (K) k) e
G = N“!En Nk=2 1T ((2)k2 | (2)k2 N|I!£n N =0

Thus proposition 10 is applicable in the casewhen all of the distributions
are the sameand have nite momerts, and the distribution of eigervaluesis
determinedby its momerts.
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Prop osition 11. If C,,, = 0O for all m > 1 then the distribution is a semi-
circle.

Proof. If only C, is nonzerothen all of the coe cients of T() in (4) are O
exceptfor the oneof T((1;1;:::;1)). Clearly, T((1;1; ;1)) is the number
of rooted trees(sinceall of the colorsare di erent and interchangeable).We
sav that this s the k-th Catalan number; these are the momerts of the
distribution zi 4 x2, which under renormalization becomeghe semicircle

(see[13)). O

Prop osition 12. If C,y, > 0 for somem > 1 then the distribution of eigen-
valueshas untoundel supyort.

Proof. Supposethat C,,, > 0 for somem > 1. We nd a lower bound for the
momerts of the distribution, and show that they grow faster than an expo-
nertial. Sincea bounded distribution implies at most exponertial momert
growth, this will shawv that the support of the distribution is unbounded.

We will nd a lower bound for all momerts of the form k = 2m™, * 2 N.
Sinceall of the termsin (4) arenonnegative, we will only look at onepartition,
(m;m;:::;m). In addition, we will only look at one tree out of all of the
trees: the onewhereall nodesare the direct children of the root. This tree
can be coloredwith the requestedcolorsin

1 m m m m
Im m m

ways, sincewe needto choosewhich nodesare the samecolor, but it does
not matter which color is which. Thus the 2m’-th momern is larger than

(m) ~ o Com
(ml) 1 2m m!

(m DI

which grows faster than exponertial. Thus the momens grow faster than
exponertial, which implies that the distribution hasunboundedsupport.
]
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7 Tw o Applications

7.1 The Truncated Distribution ¢

We considera distribution with in nite higher momerts by truncating it at
increasinglylarge bounds. Considera probability distribution of the form

A

rpgm Mo

(note that m = 2, a = 1 is the Caudy distribution). For an increasing
function f : N! R, we de ne a distribution py by

0 if jxj > f(N)
P (X) = i otherwise,
R
whereAy = ff(?'h}) 1+?§,-m . The momerts of this distribution are
8
3 0 if nis odd
E[x"] = (1) fnewenn<m 1 (5)

2 (log f(N)) fnewenn=m 1
o (fMN)™ ™) ifneven,n>m 1

wherea function f is ( g) if f = O(g) and g = O(f ). We have three cases.
If m > 3then the secondmomern of the distribution is
Z t(n) X2 Z 4 X2 Z 4 1
— dx < — dx 1T o1
fony L+ X 1 1+ jxm 1 1+ X

which is bounded. Thus for Cy > 0 we would need y(2k) = ( N¥ 1), so

f(N)2k+l m Nk 1:) f(N) N(k 1)=(2k+1 m):

However, since ;21— is a decreasingfunction with lower bound 1=2 and

f (N) is independent of k, we seethat f (N) = O(N¥2* ) for all > O for
Co to exist for all k, and then C, = 0.

Now supposem = 3. From (5) we seethat the secondmomert of the dis-
tribution growsas (log f (N)) andthe highermomerts growas ( f (N)" 2).
Thus in order for all C, to be nite we need

N (K) _ o f(N)*x 2
Nk=2 1\ (2)k32 ~ Nk 1]ogtf(N)

= O(1);

13



SO
f (N) = O(N¥2log"=®* 2§ (N))

for all k. Howewer, sincek=(2k 2) is a decreasingfunction of k and f (N)
is independen of k we seethat this implies

f(N) = O(N¥log"™" f(N))

forall > 0. Sincef (N) = o(N12log*“? 2 (N)) for all k, all Cx with k >
1 are 0. Thus the distribution will be a semicircle(see[6] for a computation
of the momerts of the semicircle).

Now supposel < m < 3. Then all eveen momerts are ( f (N)" ™M),
For C, to be nite we need

f(N)2k+1 m
Nk 1f (N)k(3 m)

= O(1)

which meansthat f(N) = O(N¥(™ D). Note that if f (N) = o(N¥Mm 1)
then for all k > 1, Cy = 0 (so the distribution of momerts will tend to a
semicircle),while if f (N) = ( N¥™ D) C, will be positive. In addition,
from a simpleintegration we seethat Cy = 1=(2k+ 1 m). Thusthe formula
for the momeris whenf = ( N¥(™ D) will be

Y
T((el;:::;a))_ (26 +1 m) .

(er;:e1)2 Vg i=1

In this casewe seefrom propositions 10 and 12 that this distributions will
be uniquely determinedby its momerts and will have unboundedsupport.

7.2 Appro ximately ky-regular Graphs

Wewould liketo beableto apply the theory that we dewelopedto combinato-
rial constructions,sud aslargeregular graphs. We know that the eigervalue
distributions of adjascencymatrices of sud graphsfollow McKay's law (see
[4]); it would be interesting to obtain McKay's law applying the methods
usedabove. Howewer, we cannot do this becausewe are choosing matrices
via probability distributions of their ertries, not via other matrix distribu-
tions. In addition, combinatorial objects sud as undirected graphs do not
have negative erries, so we could not assigna mean-0 probability to the
ertries of sud a matrix.
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In order to approximate the behavior of the ensenble of adjascencyma-
trices of k-regular graphs, we take a probability distribution that is expected
to producean N N matrix with ky nonzeroertries in ead row and col-
umn. Ead of theseentries can be 1 with equal probability, so that we
have a mean-0distribution. To do this, we considerthe following probability
distribution: ‘

N

Pr(a = 1)= Pr(a; = 1)= m3
ifi6éj.Ifi=7j,a = 0. (From the earlier calculations of momerts it is

clearthat in this casethe formulas for the momerts will still be valid.) Then
we know that

kN . N .
= T if ~isewen
Elx ] 0 otherwise
Then =N 1
C = lim v ) = lim ky %

N1 NE2 L(ky=(N 1))72 N
Thusifky ! 1 asN! 1,C = 0for > 2, sowe have a semicircle
distribution. Otherwise, if limy,; ky = Kk, the support of the distribution
will be unbounded,soit will not be the semicircle. The odd momerts of the
distribution will be 0, and the e>\éen momerts will be given by

E[E[x?]] = T((ey:::;em)k™

(e1;::em)2V-
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