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Abstract

We present a generalization of Wigner’s semicircle law: we con-
sider a sequence of probability distributions (pi,pe,...), with mean
value zero and take an N x N real symmetric matrix with entries
independently chosen from py and consider analyze the distribution
of eigenvalues. If we normalize this distribution by its dispersion we
show that as N — oo for certain py the distribution weakly converges
to a universal distribution. The result is a formula for the moments
of the universal distribution in terms of the rate of growth of the k-th
moment of py (as a function of N), and describe what this means
in terms of the support of the distribution. As a corollary, when py
does not depend on N we obtain Wigner’s law: if all moments of a
distribution are finite, the distribution of eigenvalues is a semicircle.

1 Introduction

In this paper we study the density of states of random real symmetric ma-
trices of very large dimension with i.i.d. entries from a mean-0 distribution.
Such problems arise in nuclear physics, for example in the descriptions of the
interactions of heavy nuclei (see 7], [2] for sources). Using the method of mo-
ments, Wigner showed that the expected distribution of eigenvalues of such
a matrix is a semicircle, provided that all moments of the probability distri-
bution from which the entries are selected exist (see [13], [14], [5]). Other
methods were used to show that, for § > 0, the presence a finite (2 + §)-th
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moment is all that is necessary for convergence to the semicircle, and to gen-
eralize this to matrices where the entries were not necessarily independently
distributed (see [7]). In [11] and [12] Tracy and Widom showed that (after
rescaling) the largest eigenvalues of matrices in the GOE, GUE, and GSE all
converge to the same universal distribution; Soshnikov later extended this to
all real symmetric matrices with i.i.d. entries from symmetric distributions
with rapidly decaying tails (see [8]).

However, all of these papers assume reasonably nice distributions; they
all have finite second moments. These theories do not apply to some distri-
butions of entries with heavy tails, such as the Cauchy distribution. We are
interested in studying the density of states of matrices with entries chosen
from such distributions. In [10], Soshnikov and Fyodorov showed that the
largest eigenvalue of A'A, where A is an m X n matrix with entries inde-
pendently chosen from the Cauchy, does not follow the Tracy-Widom law,
but instead follows a Poisson law; Soshnikov later showed that this applies
to random symmetric matrices with entries chosen from distributions with
heavy tails which drop off approximately as 1/x (see [9]).

We wish to study the density of eigenvalues in random real symmetric
matrices with entries i.i.d. from a distribution with heavy tails. In this
paper we apply Wigner’s original method, the method of moments, to general
mean-0 probability distributions. We do this by computing moments of the
eigenvalue distribution of an N x N real symmetric matrix, and then taking
the limit as N — oo. We take a sequence of distributions (p1, ps, . ..), which
may be thought of as a sequence of approximations to a target distribution
p, and select the entries of the N x N matrix from py. We assume that
each p; has mean 0 and all higher moments finite; however, the sequence can
converge to a distribution with infinite higher moments. For example, py
could be a truncation of a distribution with infinite moments.

Definition 1. Let uy(k) be the k-th moment of py. Let Ay be an N x N
real symmetric matrix with entries chosen independently from py. Let

T ,UN(k)
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if the limit exists.

If C exists and is finite for all k, then it is possible to calculate a formula
for the moments of the distribution of the eigenvalues of Ay in the limit as
N — o0o. We shall prove



Theorem 1. Suppose the Cy. exist and are finite. Then there exists a univer-
sal distribution that the distribution of eigenvalues of these matrices weakly
converges to as N — oco. This distribution satisfies the following properties:

1. the distribution is symmetric;

2. if Cy, = O(a*) for some constant «, then the distribution is uniquely
determined by its moments;

3. in the special case that Cy = 0 for all k > 2, the distribution is the
semicircle;

4. in all other cases the distribution has unbounded support.

Part 3 implies Wigner’s semicircle law, because if all moments are finite,
then C, = 0 for k& > 2.

We then apply this theory to two examples: the case where p; is a trun-
cation of a distribution of the form C'/(1 4 |z|™) and the case of adjacency
matrices of approximately ky-regular graphs where nonzero entries are al-
lowed to be +1. In the former case we find that if 1 < m < 3 there is a
truncation that results in a distribution that is not the semicircle; if m > 3,
that is impossible. In the latter case we find that if ky — oo as N — oo we
obtain a semicircle; in other cases we obtain a distribution that is not the
semicircle.

2 A Calculation of Moments of an Eigenvalue
Distribution

Let Ay be a real symmetric matrix with eigenvalues A\i(An), ..., An(An).
To each matrix we can associate a probability distribution g4, by

N
1 J(An)
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where ¢ is the Dirac delta function. Let E,,[z] denote the expected value
of x with respect to the probability distribution py. Let E[z]4, denote the

expected value of z with respect to p4,. Note that if we take the expected
value of x with respect to the probability distribution p4, (the mean of 4, )



and then average over all matrices Ay, we will have the mean of the expected
distribution of the eigenvalues. Similarly, if we take the kth moment of x over
fta, and then average over all matrices Ay, we will get the k&th moment of
the expected distribution of eigenvalues. We define

P(AN)dAN = HpN(aij)daijv
1<j

the probability distribution for the Ay. We will denote the expected value
of z with respect to the probability function P(Ay) by E[z].
First note the following:
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3 Calculation of Moments by Magnitude Anal-
ysis

All order computations will be done as N — oo. In addition, since we only
care about the moments in this limit, we will always assume that N > k.
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Definition 2. Fix an 4y,...,4; in (1); this will fix a term in that sum. Let
the matrix S;, _;, have its ij-th entry (i < j) equal to the number of times
that a;; or a;; appears in a;,,0iyi, - - - @44, , and all other entries 0. Call this
matrix the associated matriz of the term. Define

Slj
H dij ] -

i<j

E(Si,...ir.) = Epy

Two associated matrices will be called similar if the entries of one are a
permutation of the entries of the other.

Definition 3. Let T be the set of matrices associated with terms in (1).
By construction, the map from terms in (1) to elements of Ty is injective.
Notice that if S;, ; is similar to S}, _j, then E(S; _..) = E(Sj, i)
Let Sy be the set of equivalence classes of Tl (where two matrices are
equivalent if they are similar). Then we can define E([S;, . ..]) = E(Si,....i.)
for any equivalence class [S;, .. i, ]-

For conciseness, we will sometimes refer to a term with associated matrix
in an equivalence class 0 € Sy as a term in o.

Note that we can rewrite (2) as

Z Nk/2+1;N(2>k/2#{S € Ik : [S] = 0} E(0). (3)

UESN,;!C

Notice that the set Sy is independent of N, since an equivalence class
of matrices is uniquely defined by its nonzero entries, and those are only
dependent on k. Thus the number of terms in the above sum is independent
of N, and we can calculate the limit of this sum by calculating the limit of
each term as N — oo and then summing the limits.

Consider a 0 € Sy such that the matrices in that equivalence class have
b nonzero entries, sq,...,S,. Note that because of the way that the indices
of the a;; are arranged in the product, there can be at most b 4 1 distinct
indices in each term in 0. Thus we see that there will be L, N**! + O(N?)
(for some constant L,) matrices with terms in o. Note that

#{SeT:[S]=0}E(0)  (L,N""'+O(N®)E(0)

Nk/2+1,uN(2)k/2 - Nk/2+1,uN(2)k/2
(LN O(NY) N (s1) v (sp)
- Nb+1 N31/2_1,MN(2)51/2 Nsb/2_1,uN(2)sb/2
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since E(Sn) = pn(s1) - pun(spy) and s1 + -+ 5 = k.

Thus limy oo #{S € T : [S] = 0}E(0)/(NF/** 1 un(2)/2) = L,. In
addition, note that any term with fewer than b + 1 distinct indices 41, . .., i
contributes nothing to the sum, since there are at most O(N?) of these for
each equivalence class 0. Thus if we can compute how many terms there
are in o with b+ 1 distinct indices, then we will have a formula for L,, and
therefore for the k-th moment of the expected distribution.

Proposition 4. Every equivalence class o € Sy, containing matrices with
at least one odd entry has L, = 0.

Proof. First we will construct a geometric representation of each of the terms
in the sum (2).

Definition 5. An Fulerian cycle is a sequence of vertices in a graph that
satisfies the following conditions:

(i) The length of the sequence is the number of edges in the graph.
(ii) The first vertex in the sequence is the same as the last one.

(iii) If two vertices i, j appear consecutively in the sequence then i and j
are connected by an edge.

(iv) Two vertices 7, j appear consecutively in the sequence (in either order)
exactly n times if and only if there are exactly n edges connecting ¢ to

Ve

Start with a graph with k vertices, numbered 1 through k. Connect vertices
J,g+1forall j =1,...,k—1 and connect vertices k and 1. The Eulerian
cycle associated with this graph will be 1,2,...,k,1. We will construct a
bijection between terms in the sum and labeled graphs with an associated
Eulerian cycle. Fix a term B in the sum and do the following: if, in B, i, = 1,
(a < b), add edges between i, and each of the neighbors of i, and then delete
vertex i, and all edges connected to it (thus if i,, 7, were consecutive we would
have a self-loop). Note that we started off with a connected graph with an
Eulerian cycle, and that this process preserves both the connectivity and
the Eulerian cycle. Call the (graph,Eulerian cycle) pair that results after no
more iterations of this process can be made the graph of B.
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Figure 1: Example: k= 8, Term = A12021A14045054Q41 Q12021
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h1=11=213=114y=415=501=41; =115 =2

Beginning Cycle: 1,2,3,4,5,6,7,8,1. Final Cycle: 1,2,1,4,5,4,1,21.

Now consider a labeled connected graph GG with k edges and an Eulerian
cycle. Follow the Eulerian cycle around the graph, adding a;; to the term for
every edge transversed from vertex ¢ to vertex j. This is clearly the inverse
of the above transformation; thus we see that we have a bijection between
terms in the sum and the pairs of (graph, Eulerian cycle).

Now consider an equivalence class ¢ € Sy, which is defined by b nonzero
entries si,...,S,. This means that every graph of a term in ¢ will have b
pairs of connected vertices. In addition, a term in ¢ will contribute to the
moment if and only if it has b + 1 distinct indices. Thus there will be b+ 1
vertices in the graph of the term (in particular, note that there can’t be any
self-loops). For this to be true the graph must be a tree with some edges
doubled, tripled, etc. For this tree to have an Eulerian cycle, all edges must
have even multiplicity. Thus each of the s; must have been even, and this
completes the proof of proposition 4. O

Corollary 6. All odd moments of the distribution are 0.

Proof. Consider an equivalence class o € Sy for k odd. This will have b
nonzero entries with Zi’:l s; = k. Thus one of the s; must be odd, so L, = 0.
Since o was arbitrary, we see that the moment will be 0. O

4 The Moment Formula

Definition 7. Let V} be the set of all (ey,...,¢;) such that



(1) Zizl e = k.
(11) 612622"'2€l>0.

Suppose {co, ..., ¢} is a set of [+ 1 distinct colors, and define T'((eq, ..., €;))
to be the number of colored rooted trees with k 4 1 vertices satisfying the
following conditions:

(i) There are exactly e; nodes of color ¢;. The root node is the only node
colored ¢g.

(ii) If nodes a and b are the same color then the distance from a to the root
is the same as the distance from b to the root.

(iii) If nodes a and b are colored equal colors then their parents are also
colored equal colors.

Theorem 2. The 2k-th moment of the distribution of normalized eigenvalues
18

l
> T((el,...,el))HC’Qei. (4)

(e1,--e1)€Vy,

Proof. We know that any term associated with a matrix with an odd en-
try does not contribute to the sum. Thus we will only consider the terms
associated with matrices with only even entries.

Consider any term in (3). The order coefficient will be L, []_, Cs,. Thus
to prove the theorem all we need to do is calculate L,.

Consider the graph of a term of the 2k-th moment with b entries in the
associated matrix. Consider vertices ¢ and j that are connected by n edges.
This represents that the variable a;; appears n times in the corresponding
sum. Now let (by,...,b) be such that 22:1 b; = 2k, all b; are even, and
by > --- > b > 0. Consider all graphs of terms in (2) with [ + 1 vertices
and b; edges between two vertices, by between two others, etc. We construct
a bijection between these and rooted colored trees with k& + 1 vertices. Fix
such a term B. Color each vertex a different color. We will construct a tree
corresponding to this Eulerian cycle using the following algorithm. Mark
node n, the beginning of the Eulerian cycle, as the current node. Create
a root node and color it the same color as n. Make a step in the Eulerian



cycle. If we have moved between nodes i and j (in either direction) an even
number of times, mark the parent of the current node current. If we have
moved between nodes ¢ and j an odd number of times, add a rightmost child
to the current node, color it the same color as vertex 7, and mark it current.
Repeat the above for each step in the Eulerian cycle.

Clearly, this is injective. Note that b;/2 times we will create a node of
the same color. We will end up with a tree with k& + 1 nodes, with b;/2 of
the colored one color, by /2 of them colored another color, etc., so condition
(i) will be satisfied. Also, since the nodes of one color will all be created
by going from one vertex of the same color, condition (iii) will be satisfied.
Lastly, notice that because the graph of each term we are considering is a
tree (with some multiple edges) each node is a well-defined distance from the
root. This will be preserved by the algorithm (since we go up the tree when
we decrease the distance to the root and down the tree when we increase it)
so condition (ii) will be satisfied.

Now consider a tree satisfying conditions (i)-(iii). Execute the following
algorithm: if we have two nodes i and j of the same color, draw edges between
1 and each of the neighbors of j. Then delete ;7 and all of the edges from
it. Repeat until there are no more nodes of equal colors, and then double
all of the edges. This creates a graph with b; edges between two vertices, by
between two others, etc. In addition, if the original tree is transversed from
the root from left to right, going along each edge twice, this will create an
Eulerian cycle of the end graph. This is clearly the reverse of the original
algorithm. Thus it is a bijection, and there will be T'((b1/2, ..., b;/2)) graphs
with coefficient [[ Cy,. Letting e; = b;/2 we obtain the desired formula. O

5 Weak Convergence to the Distribution

We have shown that the moments of the distribution converge to the moments
given in the moment formula. However, we have not yet shown that for any
specific matrix the distribution of eigenvalues will be close to a distribution
with the given moments. To have a weak convergence, we need to show the
following;:

Proposition 8. The variances of the moments tends to 0. In other words,

lim (E[E[z*]%,] — E[E[z"]4,]%) =0.

N—oo



Proof. When we square the sum (1) we multiply terms in pairs. For any
two terms this simply means that we add the exponents on the entries with
the same index; thus we simply add the two associated matrices. Consider
a term A in the square, the product of terms A; and A, in (1). Suppose
S; is the matrix associated to S; (which has b; nonzero entries), and that
S = 51 + 55 has b nonzero entries sy,...,s,. Clearly, the largest number of
distinct indices in S will occur if and only if no entries in S; share an index
with Sy, and vice versa; then the number of distinct indices in the term is at
most by +1+by+1 = b+2. We can do an analysis analogous to that of section
3 to group the terms in the square of (1) by equivalence class of associated
matrix, and see that the only terms that contribute to the moment are those
with b+ 2 distinct indices.

When we multiply two terms of (1) we overlap the graphs of the terms.
The number of indices will be the number of nodes in the graph. In addition,
notice that this graph need no longer be connected; it can have two compo-
nents. For an equivalence class ¢ of matrices with b nonzero terms in the
square of (1) we need to count the (graph, Eulerian cycle) pairs that have
b pairs of connected nodes and b + 2 distinct nodes; this is only possible if
we have two components to the graph. Thus we simply need to count the
number of ways of picking two disjoint (graph, Eulerian cycle) pairs. But
this is exactly the square of the moment formula, which are exactly the terms
canceled out by E[E[z*],]? in the desired equation. Thus we see that

EIE T, ] - EEl ] = 0 ()

Letting N tend to infinity we obtain the desired result. O

6 Implications of the Moment Formula: Proof
of Theorem 1
Proposition 9. The distribution of eigenvalues is symmetric.

Proof. This is immediate from corollary 6, as a distribution is symmetric if
and only if all of its odd moments are 0. 0

Proposition 10. If C}, = O(a*) for some constant o, then the distribution
of eigenvalues is uniquely determined by its moments.
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Proof. Note that for each tree there are at most k! ways of coloring it, since
if we take e; nodes of one color, e; of another, etc. and then rearrange the
colors among all of the nodes in all of the possible ways, the legal colorings
will be a subset of that. We know that the number of rooted trees with k+ 1
nodes is the k-th Catalan number (see [3] for more details). Since the k-th
Catalan number is 2 (%), T((e1,...,e)) < 25 (%) = (l(ffi'), < 2FkF. In
addition, the number of sorted partitions of k£ is smaller than the number

of unsorted partitions of k£, which equals 2521 (’;:i) = 21 < 2k (since

the number of ways of partitioning k into j positive partitions is (';j) for
j=1,...,k).
Then

I
kth moment = Z T((e1,...,e)) H Coe,
i=1

— O((4ka)").

where the last step used that > 2e; = k.

A probability density is uniquely determined by its moments {pu(k)} if all
the u(k) are finite and if the power series >, p(k)r*/k! has positive radius
of convergence (see Theorem 30.1 of [1], for example). Plugging in the above
estimate for the k-th moment, we see that >, u(k)r*/k! is bounded above
by

f: (4ka)kr*

ko
k=1
which has a positive radius of convergence r < 1/(4ae), so the distribution
will be determined by its moments. O

Note that this agrees with Wigner’s law. For Wigner’s law, p; = ps, = - - -
(so un(k) = par(k) for all M, N). For k > 2

o pn (k) _ pn(k) 1-k/2 _
Cr = Jim NER=T0(2)F2 ~ i (2)F2 N =0
Thus proposition 10 is applicable in the case when all of the distributions
are the same and have finite moments, and the distribution of eigenvalues is

determined by its moments.
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Proposition 11. If Cs,, = 0 for all m > 1 then the distribution is a semi-
circle.

Proof. If only C5 is nonzero then all of the coefficients of T'(-) in (4) are 0
except for the one of T'((1,1,...,1)). Clearly, T'((1,1,---,1)) is the number
of rooted trees (since all of the colors are different and interchangeable). We
saw that this is the k-th Catalan number; these are the moments of the
distribution i\/él — 22, which under renormalization becomes the semicircle
(see [13]). O

Proposition 12. If Cy,, > 0 for some m > 1 then the distribution of eigen-
values has unbounded support.

Proof. Suppose that C5,, > 0 for some m > 1. We find a lower bound for the
moments of the distribution, and show that they grow faster than an expo-
nential. Since a bounded distribution implies at most exponential moment
growth, this will show that the support of the distribution is unbounded.

We will find a lower bound for all moments of the form £ = 2m/#, ¢ € N.
Since all of the terms in (4) are nonnegative, we will only look at one partition,
(m,m,...,m). In addition, we will only look at one tree out of all of the
trees: the one where all nodes are the direct children of the root. This tree
can be colored with the requested colors in

1 /ml\ (ml—m m

0\ m m m
ways, since we need to choose which nodes are the same color, but it does
not matter which color is which. Thus the 2m/-th moment is larger than

(m0)! _, Com \ "

which grows faster than exponential. Thus the moments grow faster than
exponential, which implies that the distribution has unbounded support.
O
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7 'Two Applications

7.1 The Truncated Distribution %

We consider a distribution with infinite higher moments by truncating it at
increasingly large bounds. Consider a probability distribution of the form

A

m > 1
1+ |x|™

(note that m = 2, @ = % is the Cauchy distribution). For an increasing

function f : N — R, we define a distribution py by

[0 if |x| > f(N)
pn(r) = Iﬁ# otherwise,
where Ay = ( f f J(f(vj\),) : f‘li‘m). The moments of this distribution are
0 if n is odd
) 9@1) if neven,n <m —1
Elz"] = O(log f(N)) if n even, n =m — 1 (5)

O(f(N)™1=m) if n even, n >m — 1

where a function f is ©(g) if f = O(g) and g = O(f). We have three cases.
If m > 3 then the second moment of the distribution is

f(N) 2 oo 2 [e'e) 1
/ : dx</ xidx<</ — Az,
_pvy L ™ oo LA |x|™ Coo LA ||

which is bounded. Thus for Cy, > 0 we would need py(2k) = O(N*1), so
f(N)2k+1—m — Nk—l —_— f(N) — N(k—l)/(?k-{-l—m).

However, since inzim is a decreasing function with lower bound 1/2 and

f(N) is independent of k, we see that f(N) = O(NY?%€) for all € > 0 for
Cyy to exist for all k£, and then Cy, = 0.

Now suppose m = 3. From (5) we see that the second moment of the dis-
tribution grows as ©(log f(NN)) and the higher moments grow as ©(f(N)"~?).
Thus in order for all Cy; to be finite we need

pn (k) FN)*2

NF2=1p(2)k/2 - N-—Tlog f(N) = 0(1),

13



S0
F(N) = O(N'?1ogh =2 f(N))

for all k. However, since k/(2k — 2) is a decreasing function of k and f(N)
is independent of k£ we see that this implies

F(N) = O(N'21og!**¢ f(N))

for all € > 0. Since f(N) = o(N'/21og" =2 f(N)) for all k, all Cy, with k >
1 are 0. Thus the distribution will be a semicircle (see [6] for a computation
of the moments of the semicircle).

Now suppose 1 < m < 3. Then all even moments are O(f(N)"F1=m).
For (5, to be finite we need

f(N)2k+1—m
Nk—lf(N)k(3—m)

= 0(1)

which means that f(N) = O(NY(m=D). Note that if f(N) = o( NV/(m=1)
then for all £ > 1, Cor = 0 (so the distribution of moments will tend to a
semicircle), while if f(N) = ©(NY M=) Cy, will be positive. In addition,
from a simple integration we see that Ca, = 1/(2k+1—m). Thus the formula
for the moments when f = ©(NY(™=1) will be

l
Z 61, H 262+1_ 1.
i=1

In this case we see from propositions 10 and 12 that this distributions will
be uniquely determined by its moments and will have unbounded support.

7.2 Approximately ky-regular Graphs

We would like to be able to apply the theory that we developed to combinato-
rial constructions, such as large regular graphs. We know that the eigenvalue
distributions of adjascency matrices of such graphs follow McKay’s law (see
[4]); it would be interesting to obtain McKay’s law applying the methods
used above. However, we cannot do this because we are choosing matrices
via probability distributions of their entries, not via other matrix distribu-
tions. In addition, combinatorial objects such as undirected graphs do not
have negative entries, so we could not assign a mean-0 probability to the
entries of such a matrix.

14



In order to approximate the behavior of the ensemble of adjascency ma-
trices of k-regular graphs, we take a probability distribution that is expected
to produce an N X N matrix with ky nonzero entries in each row and col-
umn. FEach of these entries can be +1 with equal probability, so that we
have a mean-0 distribution. To do this, we consider the following probability

distribution:
kn

2(N —1)
if i #j. If i = j, a;; = 0. (From the earlier calculations of moments it is

clear that in this case the formulas for the moments will still be valid.) Then
we know that

PI‘(CLij = 1) = PI‘(CLZ'j = —1> =

‘ ky_if ¢ is even
Elo’] = { (])V 1 otherwise.
Then /(N — 1)
Cr = M et i F OV T — Ak
Thus if ky — oo as N — oo, Cy, = 0 for £ > 2, so we have a semicircle
distribution. Otherwise, if limy_. ky = k, the support of the distribution
will be unbounded, so it will not be the semicircle. The odd moments of the

distribution will be 0, and the even moments will be given by

EE*] = Y T(ler,... em)k™ "
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