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Abstract

We present a generalization of Wigner's semicircle law: we con-
sider a sequenceof probabilit y distributions (p1; p2; : : : ), with mean
value zero and take an N � N real symmetric matrix with entries
independently chosenfrom pN and consider analyze the distribution
of eigenvalues. If we normalize this distribution by its dispersion we
show that asN ! 1 for certain pN the distribution weakly converges
to a universal distribution. The result is a formula for the moments
of the universaldistribution in terms of the rate of growth of the k-th
moment of pN (as a function of N ), and describe what this means
in terms of the support of the distribution. As a corollary, when pN

does not depend on N we obtain Wigner's law: if all moments of a
distribution are �nite, the distribution of eigenvalues is a semicircle.

1 In tro duction

In this paper we study the density of states of random real symmetric ma-
trices of very large dimensionwith i.i.d. entries from a mean-0distribution.
Such problemsarisein nuclearphysics,for examplein the descriptionsof the
interactionsof heavy nuclei (see[7], [2] for sources).Using the method of mo-
ments, Wigner showed that the expecteddistribution of eigenvaluesof such
a matrix is a semicircle,provided that all moments of the probability distri-
bution from which the entries are selectedexist (see[13], [14], [5]). Other
methods were usedto show that, for � > 0, the presencea �nite (2 + � )-th
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moment is all that is necessaryfor convergenceto the semicircle,and to gen-
eralizethis to matriceswherethe entries werenot necessarilyindependently
distributed (see[7]). In [11] and [12] Tracy and Widom showed that (after
rescaling)the largesteigenvaluesof matricesin the GOE, GUE, and GSE all
convergeto the sameuniversaldistribution; Soshnikov later extendedthis to
all real symmetric matrices with i.i.d. entries from symmetric distributions
with rapidly decaying tails (see[8]).

However, all of thesepapers assumereasonablynice distributions; they
all have �nite secondmoments. Thesetheoriesdo not apply to somedistri-
butions of entries with heavy tails, such as the Cauchy distribution. We are
interested in studying the density of states of matrices with entries chosen
from such distributions. In [10], Soshnikov and Fyodorov showed that the
largest eigenvalue of A tA, where A is an m � n matrix with entries inde-
pendently chosenfrom the Cauchy, does not follow the Tracy-Widom law,
but instead follows a Poissonlaw; Soshnikov later showed that this applies
to random symmetric matrices with entries chosenfrom distributions with
heavy tails which drop o� approximately as 1=x� (see[9]).

We wish to study the density of eigenvalues in random real symmetric
matrices with entries i.i.d. from a distribution with heavy tails. In this
paper weapply Wigner's original method, the method of moments, to general
mean-0probability distributions. We do this by computing moments of the
eigenvalue distribution of an N � N real symmetric matrix, and then taking
the limit as N ! 1 . We take a sequenceof distributions (p1; p2; : : :), which
may be thought of as a sequenceof approximations to a target distribution
p, and select the entries of the N � N matrix from pN . We assumethat
each pi hasmean0 and all higher moments �nite; however, the sequencecan
converge to a distribution with in�nite higher moments. For example, pN

could be a truncation of a distribution with in�nite moments.

De�nition 1. Let � N (k) be the k-th moment of pN . Let AN be an N � N
real symmetric matrix with entries chosenindependently from pN . Let

Ck = lim
N !1

� N (k)
N k=2� 1� N (2)k=2

if the limit exists.

If Ck existsand is �nite for all k, then it is possibleto calculatea formula
for the moments of the distribution of the eigenvaluesof AN in the limit as
N ! 1 . We shall prove
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Theorem 1. Supposethe Ck exist and are �nite. Then there existsa univer-
sal distribution that the distribution of eigenvaluesof thesematrices weakly
convergesto as N ! 1 . This distribution satis�es the following properties:

1. the distribution is symmetric;

2. if Ck = O(� k) for someconstant � , then the distribution is uniquely
determined by its moments;

3. in the special case that Ck = 0 for all k > 2, the distribution is the
semicircle;

4. in all other casesthe distribution has unbounded support.

Part 3 implies Wigner's semicirclelaw, becauseif all moments are �nite,
then Ck = 0 for k > 2.

We then apply this theory to two examples:the casewherepi is a trun-
cation of a distribution of the form C=(1 + jxjm ) and the caseof adjacency
matrices of approximately kN -regular graphs where nonzeroentries are al-
lowed to be � 1. In the former casewe �nd that if 1 < m < 3 there is a
truncation that results in a distribution that is not the semicircle;if m � 3,
that is impossible. In the latter casewe �nd that if kN ! 1 asN ! 1 we
obtain a semicircle; in other caseswe obtain a distribution that is not the
semicircle.

2 A Calculation of Momen ts of an Eigen value
Distribution

Let AN be a real symmetric matrix with eigenvalues � 1(AN ); : : : ; � N (AN ).
To each matrix we can associate a probability distribution � A N by

� A N (x) =
1
N

NX

i =1

�

 

x �
� i (AN )

p
N � N (2)

!

where � is the Dirac delta function. Let EpN [x] denote the expected value
of x with respect to the probability distribution pN . Let E[x]A N denotethe
expectedvalue of x with respect to � A N . Note that if we take the expected
valueof x with respect to the probability distribution � A N (the meanof � A N )
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and then averageover all matricesAN , wewill have the meanof the expected
distribution of the eigenvalues. Similarly, if we take the kth moment of x over
� A N and then averageover all matrices AN , we will get the kth moment of
the expecteddistribution of eigenvalues. We de�ne

P(AN )dAN =
Y

i � j

pN (aij )daij ;

the probability distribution for the AN . We will denote the expected value
of x with respect to the probability function P(AN ) by E[x].

First note the following:

E[xk ]A N =
Z 1

�1
xk � A N (x)dx =

1
N

NX

i =1

 
� i (AN )

p
N � N (2)

! k

=
1

N
p

N � N (2)
k Trace(Ak

N )

=
1

N
p

N � N (2)
k

NX

i 1=1

� � �
NX

i k =1

ai 1 i 2 ai 2 i 3 � � � ai k i 1 : (1)

Then

E[E[xk ]A N ] =
Z 1

�1
E[xk ]A N P(AN )dAN

=
Z 1

�1
� � �

Z 1

�1

1

N
p

N � N (2)
k

NX

i 1 ;:::;i k =1

ai 1 i 2 � � � ai k i 1

Y

i � j

pN (aij )daij

=
1

N
p

N � N (2)
k

NX

i 1 ;:::;i k =1

Z 1

�1
� � �

Z 1

�1
ai 1 i 2 � � � ai k i 1

Y

i � j

pN (aij )daij

=
NX

i 1 ;:::;i k =1

1

N
p

N � N (2)
k EpN [ai 1 i 2 � � � ai k i 1 ]: (2)

3 Calculation of Momen ts by Magnitude Anal-
ysis

All order computations will be doneas N ! 1 . In addition, sincewe only
careabout the moments in this limit, we will always assumethat N > k.
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De�nition 2. Fix an i 1; : : : ; i k in (1); this will �x a term in that sum. Let
the matrix Si 1 ;:::;i k have its ij -th entry (i � j ) equal to the number of times
that aij or aj i appearsin ai 1 i 2ai 2 i 3 � � � ai k i 1 , and all other entries 0. Call this
matrix the associated matrix of the term. De�ne

E(Si 1 ;:::;i k ) = EpN

"
Y

i � j

asij
ij

#

:

Two associated matrices will be called similar if the entries of one are a
permutation of the entries of the other.

De�nition 3. Let TN ;k be the set of matrices associated with terms in (1).
By construction, the map from terms in (1) to elements of TN ;k is injective.
Notice that if Si 1 ;:::;i k is similar to Sj 1 ;:::;j k then E(Si 1 ;:::;i k ) = E(Sj 1 ;:::;j k ).
Let SN ;k be the set of equivalenceclassesof TN ;k (where two matrices are
equivalent if they are similar). Then we can de�ne E([Si 1 ;:::;i k ]) = E(Si 1 ;:::;i k )
for any equivalenceclass[Si 1 ;:::;i k ].

For conciseness,we will sometimesrefer to a term with associated matrix
in an equivalenceclass� 2 SN ;k asa term in � .

Note that we can rewrite (2) as
X

� 2S N ;k

1
N k=2+1 � N (2)k=2

# f S 2 TN ;k : [S] = � gE(� ): (3)

Notice that the set SN ;k is independent of N , since an equivalence class
of matrices is uniquely de�ned by its nonzero entries, and those are only
dependent on k. Thus the number of terms in the above sum is independent
of N , and we can calculate the limit of this sum by calculating the limit of
each term as N ! 1 and then summing the limits.

Considera � 2 SN ;k such that the matricesin that equivalenceclasshave
b nonzeroentries, s1; : : : ; sb. Note that becauseof the way that the indices
of the aij are arranged in the product, there can be at most b+ 1 distinct
indices in each term in � . Thus we seethat there will be L � N b+1 + O(N b)
(for someconstant L � ) matrices with terms in � . Note that

# f S 2 T : [S] = � gE(� )
N k=2+1 � N (2)k=2

=
(L � N b+1 + O(N b))E(� )

N k=2+1 � N (2)k=2

=
(L � N b+1 + O(N b))

N b+1

� N (s1)
N s1=2� 1� N (2)s1=2

� � �
� N (sb)

N sb=2� 1� N (2)sb=2
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sinceE(SN ) = � N (s1) � � � � N (sb) and s1 + � � � + sl = k.
Thus limN !1 # f S 2 T : [S] = � gE(� )=(N k=2+1 � N (2)k=2) = L � . In

addition, note that any term with fewer than b+ 1 distinct indicesi 1; : : : ; i k

contributes nothing to the sum, sincethere are at most O(N b) of thesefor
each equivalenceclass� . Thus if we can compute how many terms there
are in � with b+ 1 distinct indices, then we will have a formula for L � , and
thereforefor the k-th moment of the expecteddistribution.

Prop osition 4. Every equivalence class� 2 SN ;k containing matrices with
at least one odd entry has L � = 0.

Proof. First we will construct a geometricrepresentation of each of the terms
in the sum (2).

De�nition 5. An Eulerian cycle is a sequenceof vertices in a graph that
satis�es the following conditions:

(i) The length of the sequenceis the number of edgesin the graph.

(ii) The �rst vertex in the sequenceis the sameas the last one.

(iii) If two vertices i; j appear consecutively in the sequencethen i and j
are connectedby an edge.

(iv) Two verticesi; j appear consecutively in the sequence(in either order)
exactly n times if and only if there are exactly n edgesconnectingi to
j .

Start with a graph with k vertices,numbered1 through k. Connectvertices
j; j + 1 for all j = 1; : : : ; k � 1 and connectvertices k and 1. The Eulerian
cycle associated with this graph will be 1; 2; : : : ; k; 1. We will construct a
bijection between terms in the sum and labeled graphs with an associated
Eulerian cycle. Fix a term B in the sumand do the following: if, in B , i a = ib

(a < b), add edgesbetweeni a and each of the neighborsof i b, and then delete
vertex i b and all edgesconnectedto it (thus if i a; ib wereconsecutive wewould
have a self-loop). Note that we started o� with a connectedgraph with an
Eulerian cycle, and that this processpreserves both the connectivity and
the Eulerian cycle. Call the (graph,Eulerian cycle) pair that results after no
more iterations of this processcan be madethe graph of B .
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Figure 1: Example: k = 8, Term = a12a21a14a45a54a41a12a21

i1 = 1 i2 = 2 i3 = 1 i4 = 4 i5 = 5 i6 = 4 i7 = 1 i8 = 2
Beginning Cycle: 1,2,3,4,5,6,7,8,1.Final Cycle: 1,2,1,4,5,4,1,2,1.

Now considera labeledconnectedgraph G with k edgesand an Eulerian
cycle. Follow the Eulerian cyclearound the graph, adding aij to the term for
every edgetransversedfrom vertex i to vertex j . This is clearly the inverse
of the above transformation; thus we seethat we have a bijection between
terms in the sum and the pairs of (graph, Eulerian cycle).

Now consideran equivalenceclass� 2 SN ;k , which is de�ned by bnonzero
entries s1; : : : ; sb. This meansthat every graph of a term in � will have b
pairs of connectedvertices. In addition, a term in � will contribute to the
moment if and only if it has b+ 1 distinct indices. Thus there will be b+ 1
verticesin the graph of the term (in particular, note that there can't be any
self-loops). For this to be true the graph must be a tree with someedges
doubled, tripled, etc. For this tree to have an Eulerian cycle,all edgesmust
have even multiplicit y. Thus each of the si must have beeneven, and this
completesthe proof of proposition 4.

Corollary 6. All odd momentsof the distribution are 0.

Proof. Consider an equivalenceclass� 2 SN ;k for k odd. This will have b
nonzeroentries with

P b
i=1 si = k. Thusoneof the si must beodd, soL � = 0.

Since� was arbitrary, we seethat the moment will be 0.

4 The Momen t Form ula

De�nition 7. Let Vk be the set of all (e1; : : : ; el ) such that
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(i)
P l

i =1 ei = k.

(ii) e1 � e2 � � � � � el > 0.

Supposef c0; : : : ; clg is a set of l + 1 distinct colors,and de�ne T((e1; : : : ; el ))
to be the number of colored rooted trees with k + 1 vertices satisfying the
following conditions:

(i) There are exactly ei nodesof color ci . The root node is the only node
coloredc0.

(ii) If nodesa and bare the samecolor then the distancefrom a to the root
is the sameas the distancefrom b to the root.

(iii) If nodes a and b are colored equal colors then their parents are also
coloredequalcolors.

Theorem 2. The 2k-th momentof the distribution of normalized eigenvalues
is

X

(e1 ;:::;el )2 Vk

T((e1; : : : ; el ))
lY

i =1

C2ei : (4)

Proof. We know that any term associated with a matrix with an odd en-
try does not contribute to the sum. Thus we will only considerthe terms
associated with matrices with only even entries.

Considerany term in (3). The order coe�cien t will be L �
Q b

i=1 Csi . Thus
to prove the theoremall we needto do is calculateL � .

Consider the graph of a term of the 2k-th moment with b entries in the
associated matrix. Considervertices i and j that are connectedby n edges.
This represents that the variable aij appears n times in the corresponding
sum. Now let (b1; : : : ; bl ) be such that

P l
i =1 bi = 2k, all bi are even, and

b1 � � � � � bl > 0. Consider all graphs of terms in (2) with l + 1 vertices
and b1 edgesbetweentwo vertices,b2 betweentwo others, etc. We construct
a bijection between theseand rooted colored trees with k + 1 vertices. Fix
such a term B. Color each vertex a di�erent color. We will construct a tree
corresponding to this Eulerian cycle using the following algorithm. Mark
node n, the beginning of the Eulerian cycle, as the current node. Create
a root node and color it the samecolor as n. Make a step in the Eulerian
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cycle. If we have moved betweennodesi and j (in either direction) an even
number of times, mark the parent of the current node current. If we have
moved betweennodesi and j an odd number of times, add a rightmost child
to the current node, color it the samecolor asvertex j , and mark it current.
Repeat the above for each step in the Eulerian cycle.

Clearly, this is injective. Note that bi =2 times we will create a node of
the samecolor. We will end up with a tree with k + 1 nodes,with b1=2 of
the coloredone color, b2=2 of them coloredanother color, etc., so condition
(i) will be satis�ed. Also, since the nodes of one color will all be created
by going from one vertex of the samecolor, condition (iii) will be satis�ed.
Lastly, notice that becausethe graph of each term we are consideringis a
tree (with somemultiple edges)each node is a well-de�ned distancefrom the
root. This will be preserved by the algorithm (sincewe go up the tree when
we decreasethe distanceto the root and down the tree when we increaseit)
so condition (ii) will be satis�ed.

Now considera tree satisfying conditions (i)-(iii). Execute the following
algorithm: if wehave two nodesi and j of the samecolor, draw edgesbetween
i and each of the neighbors of j . Then delete j and all of the edgesfrom
it. Repeat until there are no more nodes of equal colors, and then double
all of the edges.This createsa graph with b1 edgesbetweentwo vertices,b2

betweentwo others, etc. In addition, if the original tree is transversedfrom
the root from left to right, going along each edgetwice, this will create an
Eulerian cycle of the end graph. This is clearly the reverseof the original
algorithm. Thus it is a bijection, and there will be T((b1=2; : : : ; bl=2)) graphs
with coe�cien t

Q
Cbi . Letting ei = bi =2 we obtain the desiredformula.

5 Weak Con vergence to the Distribution

Wehaveshown that the moments of the distribution convergeto the moments
given in the moment formula. However, we have not yet shown that for any
speci�c matrix the distribution of eigenvalueswill be closeto a distribution
with the given moments. To have a weak convergence,we needto show the
following:

Prop osition 8. The variancesof the momentstends to 0. In other words,

lim
N !1

�
E[E[xk ]2A N

] � E[E[xk ]A N ]2
�

= 0:
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Proof. When we square the sum (1) we multiply terms in pairs. For any
two terms this simply meansthat we add the exponents on the entries with
the sameindex; thus we simply add the two associated matrices. Consider
a term A in the square, the product of terms A1 and A2 in (1). Suppose
Si is the matrix associated to Si (which has bi nonzeroentries), and that
S = S1 + S2 has b nonzeroentries s1; : : : ; sb. Clearly, the largest number of
distinct indices in S will occur if and only if no entries in S1 sharean index
with S2, and vice versa;then the number of distinct indicesin the term is at
most b1+ 1+ b2+ 1 = b+ 2. Wecando an analysisanalogousto that of section
3 to group the terms in the squareof (1) by equivalenceclassof associated
matrix, and seethat the only terms that contribute to the moment are those
with b+ 2 distinct indices.

When we multiply two terms of (1) we overlap the graphsof the terms.
The number of indiceswill be the number of nodesin the graph. In addition,
notice that this graph needno longer be connected;it can have two compo-
nents. For an equivalenceclass� of matrices with b nonzeroterms in the
squareof (1) we needto count the (graph, Eulerian cycle) pairs that have
b pairs of connectednodesand b+ 2 distinct nodes; this is only possibleif
we have two components to the graph. Thus we simply needto count the
number of ways of picking two disjoint (graph, Eulerian cycle) pairs. But
this is exactly the squareof the moment formula, which areexactly the terms
canceledout by E[E[xk ]A N ]2 in the desiredequation. Thus we seethat

E[E[xk ]2A N
] � E[E[xk ]A N ]2 = O

�
1
N

�
:

Letting N tend to in�nit y we obtain the desiredresult.

6 Implications of the Momen t Form ula: Pro of
of Theorem 1

Prop osition 9. The distribution of eigenvaluesis symmetric.

Proof. This is immediate from corollary 6, as a distribution is symmetric if
and only if all of its odd moments are 0.

Prop osition 10. If Ck = O(� k) for someconstant � , then the distribution
of eigenvaluesis uniquely determined by its moments.
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Proof. Note that for each tree there are at most k! ways of coloring it, since
if we take e1 nodesof one color, e2 of another, etc. and then rearrangethe
colorsamongall of the nodesin all of the possibleways, the legal colorings
will be a subsetof that. We know that the number of rooted treeswith k + 1
nodesis the k-th Catalan number (see[3] for more details). Sincethe k-th
Catalan number is 1

k+1

� 2k
k

�
, T((e1; : : : ; el )) < k!

k+1

� 2k
k

�
= (2k)!

(k+1)! < 2kkk . In
addition, the number of sorted partitions of k is smaller than the number
of unsorted partitions of k, which equals

P k
j =1

� k� 1
j � 1

�
= 2k� 1 < 2k (since

the number of ways of partitioning k into j positive partitions is
� k� 1

j � 1

�
for

j = 1; : : : ; k).
Then

kth moment =
X

(e1 ;:::;el )2 Vk

T((e1; : : : ; el ))
lY

i =1

C2ei

= O

0

@� k
X

(e1 ;:::;el )2 Vk

T((e1; : : : ; el ))

1

A

= O((4k� )k);

wherethe last step usedthat
P

2ei = k.
A probability density is uniquely determinedby its moments f � (k)g if all

the � (k) are �nite and if the power series
P

k � (k)r k=k! has positive radius
of convergence(seeTheorem30.1of [1], for example). Plugging in the above
estimate for the k-th moment, we seethat

P
k � (k)r k=k! is bounded above

by
1X

k=1

(4k� )kr k

k!
;

which has a positive radius of convergencer < 1=(4� e), so the distribution
will be determinedby its moments.

Note that this agreeswith Wigner's law. For Wigner's law, p1 = p2 = � � �
(so � N (k) = � M (k) for all M ; N ). For k > 2

Ck = lim
N !1

� N (k)
N k=2� 1� N (2)k=2

=
� N (k)

� N (2)k=2
lim

N !1
N 1� k=2 = 0:

Thus proposition 10 is applicable in the casewhen all of the distributions
are the sameand have �nite moments, and the distribution of eigenvaluesis
determinedby its moments.
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Prop osition 11. If C2m = 0 for all m > 1 then the distribution is a semi-
circle.

Proof. If only C2 is nonzerothen all of the coe�cien ts of T(�) in (4) are 0
except for the oneof T((1; 1; : : : ; 1)). Clearly, T((1; 1; � � � ; 1)) is the number
of rooted trees(sinceall of the colorsare di�erent and interchangeable).We
saw that this is the k-th Catalan number; these are the moments of the
distribution 1

2�

p
4 � x2, which under renormalization becomesthe semicircle

(see[13]).

Prop osition 12. If C2m > 0 for somem > 1 then the distribution of eigen-
valueshas unbounded support.

Proof. Supposethat C2m > 0 for somem > 1. We �nd a lower bound for the
moments of the distribution, and show that they grow faster than an expo-
nential. Sincea bounded distribution implies at most exponential moment
growth, this will show that the support of the distribution is unbounded.

We will �nd a lower bound for all moments of the form k = 2m`, ` 2 N.
Sinceall of the terms in (4) arenonnegative,wewill only look at onepartition,
(m; m; : : : ; m). In addition, we will only look at one tree out of all of the
trees: the one whereall nodesare the direct children of the root. This tree
can be coloredwith the requestedcolors in

1
`!

�
m`
m

��
m` � m

m

�
� � �

�
m
m

�

ways, sincewe needto choosewhich nodesare the samecolor, but it does
not matter which color is which. Thus the 2m`-th moment is larger than

(m`)!
(m!)` `!

C`
2m >

�
C2m

m!

� `

(m` � 1)!!;

which grows faster than exponential. Thus the moments grow faster than
exponential, which implies that the distribution hasunboundedsupport.
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7 Tw o Applications

7.1 The Truncated Distribution C
1+ jxjm

We considera distribution with in�nite higher moments by truncating it at
increasinglylarge bounds. Considera probability distribution of the form

A
1 + jxjm

m > 1

(note that m = 2, a = 1
� is the Cauchy distribution). For an increasing

function f : N ! R+ we de�ne a distribution pN by

pN (x) =
�

0 if jxj > f (N )
A N

1+ jx jm otherwise,

whereAN =
� Rf (N )

� f (N )
dx

1+ jx jm

�
. The moments of this distribution are

E[xn ] =

8
>><

>>:

0 if n is odd
�(1) if n even, n < m � 1
�(log f (N )) if n even, n = m � 1
�( f (N )n+1 � m ) if n even, n > m � 1

(5)

wherea function f is �( g) if f = O(g) and g = O(f ). We have three cases.
If m > 3 then the secondmoment of the distribution is

Z f (N )

� f (N )

x2

1 + jxjm
dx <

Z 1

�1

x2

1 + jxjm
dx �

Z 1

�1

1
1 + jxj1+ �

dx;

which is bounded. Thus for C2k > 0 we would need� N (2k) = �( N k� 1), so

f (N )2k+1 � m � N k� 1 =) f (N ) � N (k� 1)=(2k+1 � m) :

However, since x� 1
2x+1 � m is a decreasingfunction with lower bound 1=2 and

f (N ) is independent of k, we seethat f (N ) = O(N 1=2+ � ) for all � > 0 for
C2k to exist for all k, and then C2k = 0.

Now supposem = 3. From (5) we seethat the secondmoment of the dis-
tribution growsas�(log f (N )) and the highermoments grow as�( f (N )n� 2).
Thus in order for all C2k to be �nite we need

� N (k)
N k=2� 1� N (2)k=2

=
f (N )2k� 2

N k� 1 logk f (N )
= O(1);
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so
f (N ) = O(N 1=2 logk=(2k� 2) f (N ))

for all k. However, sincek=(2k � 2) is a decreasingfunction of k and f (N )
is independent of k we seethat this implies

f (N ) = O(N 1=2 log1=2+ � f (N ))

for all � > 0. Sincef (N ) = o(N 1=2 logk=(2k� 2) f (N )) for all k, all C2k with k >
1 are 0. Thus the distribution will be a semicircle(see[6] for a computation
of the moments of the semicircle).

Now suppose1 < m < 3. Then all even moments are �( f (N )n+1 � m ).
For C2k to be �nite we need

f (N )2k+1 � m

N k� 1f (N )k(3� m)
= O(1)

which meansthat f (N ) = O(N 1=(m� 1)). Note that if f (N ) = o(N 1=(m� 1) )
then for all k > 1, C2k = 0 (so the distribution of moments will tend to a
semicircle),while if f (N ) = �( N 1=(m� 1)), C2k will be positive. In addition,
from a simpleintegration weseethat C2k = 1=(2k+ 1� m). Thus the formula
for the moments when f = �( N 1=(m� 1)) will be

X

(e1 ;:::;el )2 Vk

T((e1; : : : ; el ))
lY

i =1

(2ei + 1 � m) � 1:

In this casewe seefrom propositions 10 and 12 that this distributions will
be uniquely determinedby its moments and will have unboundedsupport.

7.2 Appro ximately kN -regular Graphs

Wewould like to beableto apply the theory that wedevelopedto combinato-
rial constructions,such aslargeregular graphs. We know that the eigenvalue
distributions of adjascencymatrices of such graphsfollow McKay's law (see
[4]); it would be interesting to obtain McKay's law applying the methods
usedabove. However, we cannot do this becausewe are choosing matrices
via probability distributions of their entries, not via other matrix distribu-
tions. In addition, combinatorial objects such as undirected graphs do not
have negative entries, so we could not assigna mean-0 probability to the
entries of such a matrix.

14



In order to approximate the behavior of the ensemble of adjascencyma-
trices of k-regular graphs,we take a probability distribution that is expected
to produce an N � N matrix with kN nonzeroentries in each row and col-
umn. Each of these entries can be � 1 with equal probability, so that we
have a mean-0distribution. To do this, we considerthe following probability
distribution:

Pr(aij = 1) = Pr(aij = � 1) =
kN

2(N � 1)
:

if i 6= j . If i = j , aij = 0. (From the earlier calculations of moments it is
clear that in this casethe formulas for the moments will still be valid.) Then
we know that

E[x` ] =
� kN

N � 1 if ` is even
0 otherwise:

Then

C` = lim
N !1

kN =(N � 1)
N `=2� 1(kN =(N � 1))`=2

= lim
N !1

k1� `=2
N :

Thus if kN ! 1 as N ! 1 , C` = 0 for ` > 2, so we have a semicircle
distribution. Otherwise, if limN !1 kN = k, the support of the distribution
will be unbounded,so it will not be the semicircle.The odd moments of the
distribution will be 0, and the even moments will be given by

E[E[x2` ]] =
X

(e1 ;:::;em )2 V`

T((e1; : : : ; em ))km� ` :
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